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Abstract
We construct supersymmetric gauge theory on S4 × S1. We find a consistent super-
symmetry transformations which reduced to the 4D N = 2 supersymmetry transformation
studied by Pestun by the dimensional reduction on S1. We find there is no analogue of the
usual Yang-Mills action except in the 4D limit. We also apply the localization technique to
the partition function of the theories.
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1 Introduction
The supersymmetric (SUSY) gauge theories on (Euclidean) curved spaces have been inves-
tigated very intensively recently. A motivation for studying these is the possibility of the
exact computations of the partition function and some BPS operators. These can be done
by the localization technique in field theories developed by [1] [2]. The work of [2], where the
N = 2 SUSY gauge theory on S4 was considered, has been generalized to other geometries
[3]-[22]. One of the interesting applications of these is the computation of the N
3
2 scaling of
the partition function of the ABJM model [23].
Especially, the applications of the localization technique to the 5D gauge theory on
curved space will be important for studying the still mysterious M5-branes. Indeed, in the
paper [15] the 5d supersymmetric gauge theories on S5 was constructed and some interesting
results have bee obtained for the theories [18, 19]. Since compactifications of the M5-branes
give varieties of lower dimensional interesting theories, it will be important to extend the
construction of the SUSY gauge theory on S5 to other spaces for studying the M5-branes.
In this paper, we construct supersymmetric gauge theories on S4 × S1. We find a
consistent SUSY transformation which is reduced to the 4d N = 2 SUSY transformation
studied by Pestun [2] by the dimensional reduction on S1. We find that there is no analog
of the usual Yang-Mills action which does not contain Lorentz violating constant, except in
the 4D limit. It should be noted that we can not use the off-shell 5D supergravity [25] to
construct a SUSY transformation and actions following [24] because there does not exist a
field in the supergravity corresponding to the appropriate background field which appears in
the Killing spinor equation. Thus we should think the theory has infinite coupling constant.
We apply the localization technique to the partition function of the theory on S4 × S1
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following [2] [22] and find the result is a simple extension of the corresponding partition
function on S4 with the contributions from Kaluza-Klein modes. Physical applications of
the results in the paper, in particular to the M5-branes, are under investigations.
The organization of this paper is as follows: In section 2 we construct the Killing spinor
and the consistent SUSY transformations of the vectormultiplets and hypermultiplets for the
theory on S4×S1 In section 3, we see that a SUSY Yang-Mills action for the vectormultiplets
on S4×S1 is difficult to construct. We can construct it only after taking the 4D limit by the
dimensional reduction on the S1. In section 4, we apply the localization technique to the
partition function of the theory on S4× S1 and find that the result is a simple extension of
the corresponding partition function on S4. We conclude with a short discussion in section
5.
Note added:
As this article neared completion, we became aware of the very interesting preprint [29]
where the 5d superconformal index on S4 × S1 was calculated and the enhancement of
global symmetry was checked, however, they just consider the vanishing action and did not
studied possible SUSY actions related to the work of [2]. The part of their result concerning
the SUSY transformation for the vectormultiplets and the localization computations of the
partition function (which is same as the index) coincide with ours although we have not
introduced the chemical potentials introduced in [29]. They treated the hypermultiplets
differently with ours, however, the partition functions are same.
2 SUSY transformations
In this section we will construct consistent SUSY transformations on S4 × S1 by taking a
simple ansatz on the Killing spinor.
2.1 Killing Spinor
We will construct SUSY gauge theories on S4×S1 following [15]. We will use the notations
used in [15] in which the theory on S5 was considered. The indices m,n, · · · runs from 1 to
5, on the other hand, µ, ν, · · · runs from 1 to 4. As in [15], we assume the following Killing
Spinor equation:
∇mξI = Γmξ˜I , (2.1)
where we defined ∇m as
∇µξI = DµξI ,
∇5ξI = D5ξI + t
J
I ξJ . (2.2)
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We further assume
∂5ξI = 0, (2.3)
for simplicity. The metric of S4 × S1 is
ds2S4×S1 = (dx
5)2 + ds2S4,
ds2S4 = ℓ
2(dθ2 + sin2 θds2S3) =
dr2 + r2ds2
S3
(1 + r
2
4ℓ2
)2
=
∑4
i=1 dx
2
i
(1 + r
2
4ℓ2
)2
, (2.4)
where r2 =
∑4
i=1(x
i)2 and ea = fδandx
n and f = (1 + r
2
4ℓ2
)−1. Here x5 is a coordinate of S1
with radius R, thus there is an identification x5 ∼ x5 + 2πR. We can embed the S4 in R5
as Y 21 + · · ·+ Y
2
5 = l
2. The relation between xn and Y i (i = 1, . . . , 4) is Y i = x
i
1+ r
2
4l2
.
First, DµξI = Γµξ˜I is solved [2] if we take
ξI =
1√
1 + r
2
4l2
(
ǫI +
xiΓi
2l
ǫ′I
)
, (2.5)
ξ˜I =
1
2l
√
1 + r
2
4l2
(
ǫ′I −
xiΓi
2l
ǫI
)
, (2.6)
where i, j = 1, . . . , 4 which are 4D flat indices and ǫI , ǫ
′
I are constants. For the S
1 direction,
the condition ∇5ξI = t
J
I ξJ = Γ5ξ˜I is written as
ξ˜I = t
J
I Γ5ξJ . (2.7)
Assuming
tΓi = ±Γit, (2.8)
we have
(tǫ)I =
1
2l
Γ5ǫ
′
I
(tǫ′)I = ±
1
2l
Γ5ǫI , (2.9)
which implies
(t2) JI = ±
1
4l2
δ JI , (2.10)
where we assume [t,Γ5] = 0. Using (2.9), we rewrite (2.5) as
ξI =
1√
1 + r
2
4l2
(
ǫI + x
iΓiΓ5t
J
I ǫJ
)
. (2.11)
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We will later see that the scaling transformation which enters in the SUSY algebra is
ρ ∼ ǫIJξI η˜J − ǫ
IJηI ξ˜J = ξIt
IJΓ5ηJ − ηIt
IJΓ5ξJ which should vanish for a non-scale invariant
theory. For t II = 0 which means t
IJ is a symmetric tensor for the SU(2)R, we find ρ = 0.
Therefore, our conditions essentially fix t modulo the SU(2)R transformation:
2
t JI =
1
2l
(σ3)
J
I , (2.14)
where
ξ1 = =
1√
1 + r
2
4l2
(
1 +
xiΓi
2l
Γ5
)
ψ1,
ξ2 = =
1√
1 + r
2
4l2
(
1−
xiΓi
2l
Γ5
)
ψ2. (2.15)
This would corresponds to a SU(2)R gauge field background in the supergravity, however,
the term Γmξ˜I = t
J
I ΓmΓ5ξJ is absent in the SUSY transformation of the gravitino of the 5D
supergravity [25]. Thus we can not use [25] to construct the SUSY invariant action.
2.2 SUSY transformations
Now we will construct the SUSY transformations on S4×S1 of the vector multiplets. First,
following [15] we assume that the SUSY variation of fields on S4 × S1 takes the form
δξAm = iǫ
IJξIΓmλJ ,
δξσ = iǫ
IJξIλJ ,
δξλI = −
1
2
ΓmnξIFmn + Γ
mξIDmσ + ξJDKIǫ
JK + 2ξ˜Iσ ,
δξDIJ = −i(ξIΓ
m∇mλJ + ξJΓ
m∇mλI) + [σ, ξIλJ + ξJλI ] + i(ξ˜IλJ + ξ˜JλI)
= −i(ξIΓ
mDmλJ + ξJΓ
mDmλI) + [σ, ξIλJ + ξJλI ] + 2iξKtIJΓ5λ
K ,
(2.16)
2 There is another choice:
t = i
1
2l
σ3Γ5. (2.12)
where
ξ1 = =
1√
1 + r
2
4l2
(
1 + i
xiΓi
2l
)
ψ1,
ξ2 = =
1√
1 + r
2
4l2
(
1− i
xiΓi
2l
)
ψ2. (2.13)
However, in this choice we find that it is difficult to construct a consistent SUSY transformation related to
this. Thus, in this paper, we forget this possibility.
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where we have used
s KI t
J
K + t
K
I s
J
K = −s
KLtKLδ
J
I , (2.17)
which is valid for an arbitrary symmetric tensor sIJ .
Using
Γm∇mξ˜I = Γ
mt JI Γ5Γmξ˜J = −
3
4l2
ξI , (2.18)
and performing some computations, we can show that the commutator of the two SUSY
generators is a sum of a translation (vm), a gauge transformation (γ + ivmAm), a dilation
(ρ), an R-rotation (RIJ) and a Lorentz rotation (Θ
ab):
[δξ, δη]Am = −iv
nFnm +Dmγ ,
[δξ, δη]σ = −iv
nDnσ + ρσ ,
[δξ, δη]λI = −iv
n∇nλI + i[γ, λI ] +
3
2
ρλI +R
′ J
I λJ +
1
4
ΘabΓabλ
= −ivnDnλI + i[γ, λI ] +
3
2
ρλI +R
J
I λJ +
1
4
ΘabΓabλ ,
[δξ, δη]DIJ = −iv
n∇nDIJ + i[γ,DIJ ] + 2ρDIJ +R
′ K
I DKJ +R
′ K
J DIK
= −ivnDnDIJ + i[γ,DIJ ] + 2ρDIJ +R
K
I DKJ +R
K
J DIK , (2.19)
where R JI = ǫ
JKRIK and
vm = 2ǫIJξIΓ
mηJ ,
γ = −2iǫIJξIηJσ ,
ρ = −2iǫIJ (ξI η˜J − ηI ξ˜J) = 0 ,
RIJ = −3i(ξI η˜J + ξJ η˜I − ηI ξ˜J − ηJ ξ˜I)− 2iǫ
KLξKΓ5tIJηL
= 4iǫKLξKΓ5tIJηL ,
Θab = −2iǫIJ (ξ˜IΓ
abηJ − η˜IΓ
abξJ) . (2.20)
We can see that RIJ = RJI and R11 = R22 = 0 which imply RIJ ∼ tIJ . Therefore, the
SUSY transformation which is inferred from the result of [15] is indeed consistent off-shell.
For the hypermultiplets, we also assume a SUSY transformation of the form given in
[15]:
δqI = −2iξIψ,
δψ = ǫIJΓmξI∇mqJ + iǫ
IJξIσqJ + 3ǫ
IJ ξ˜IqJ + ǫ
I′J ′ ξˇI′FJ ′
= ǫIJΓmξIDmqJ + iǫ
IJξIσqJ + 2ǫ
IJ ξ˜IqJ + ǫ
I′J ′ ξˇI′FJ ′,
δFI′ = 2ξˇI′(iΓ
mDmψ + σψ + ǫ
KLλKqL). (2.21)
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The square of δ is
δ2qI = iv
mDmqI − iγqI −R
J
I qJ
δ2ψ = ivmDmψ − iγψ −
1
4
ΘabΓabψ
δ2FI′ = iv
mDmFI′ − iγFI′ +R
′ J
′
I′ FJ ′ , (2.22)
where
vm = ǫIJξIΓ
mξJ ,
γ = −iǫIJξIξJσ ,
RIJ = 2i(ǫ
KLξKΓ
5tIJξL) ,
Θab = −2iǫIJ ξ˜IΓ
abξJ ,
R′I′J ′ = −2iξˇI′Γ
mDmξˇJ ′ , (2.23)
which is consistent with the one for the vectormultiplets. Therefore, the SUSY transforma-
tion for the hypermultiplets is consistent.
3 SUSY invariant action
In this section, we will try to construct SUSY invariant actions. We will see that our
SUSY transformation corresponds to the 4D SUSY transformation of [2] by the dimensional
reduction of S1. We will drop the total divergent terms below for the notational convenience.
Now we will try to construct a SUSY invariant action for vectormultiplets on S4 × S1.
We can show
δξ
(
1
2
FmnF
mn −DmσD
mσ −
1
2
DIJD
IJ + iλIΓ
m∇mλ
I − λI [σ, λ
I ]− iλI λ˜
I
)
= iλI [Γ5t
IJ ,Γmn]ξJFmn − 2iDmσ(ξI{Γ
5tIJ ,Γm}λJ − 2iD
IJ(ξKΓ5tIJλ
K)
+2iξIλ
IσTr2(t
2)− 4iξKΓ5t
K
J ΓmΓ5t
J
I Γmλ
Iσ + (total divergence), (3.1)
and then we find
δξ
(
1
2
F 2 − (Dσ)2 −
1
2
DIJD
IJ + iλIΓ
mDmλ
I − λI [σ, λ
I ]
+2A5t
IJDIJ − tIJt
IJ(6(A5)
2 − 4σ2)
)
= 4itIJ ((ξIΓ
mλJ)∂5Am − (ξIλJ)∂5σ) . (3.2)
This action is not gauge invariant nor SUSY invariant. However, by taking R→ 0, i.e. the
dimensional reduction to S4, both problems disappear. Thus, in this limit to the theory on
6
S4, we find the invariant action as
LvectorS4 =
1
2
FmnF
mn −DmσD
mσ + iλIΓ
mDmλ
I − λI [σ, λ
I ]
−
1
2
(DIJ − 2A5tIJ)(D
IJ − 2A5t
IJ)− 4tIJt
IJ
(
(A5)
2 − σ2)
)
,
(3.3)
where ∂5 = 0, which is the usual SUSY Yang-Mills Lagrangian of the vector multiplet used
in [2]. Note that the mass terms for the scalars (A5, iσ) are same and the auxiliary field
D′IJ ≡ DIJ − 2A5tIJ (3.4)
transforms as
δξD
′
IJ = −i(ξIΓ
mDmλJ + ξJΓ
mDmλI) + [σ, ξIλJ + ξJλI ], (3.5)
which is same as the one on R4 and
δξλI = −
1
2
ΓmnξIFmn + Γ
mξIDmσ + ξJD
′
KIǫ
JK + 2
(
ξ˜Iσ − Γ5ξ˜IA5
)
. (3.6)
These are consistent with the ones in [2].
We can construct a Yang-Mills action on S4 × S1 which is invariant under a SUSY
generator, but it is the SUSY exact action which will be used as a localization computation
and it depends on constant tensors. It is difficult to construct the SUSY Yang-Mills action
on S4×S1 which reduces to the standard SUSY Yang-Mills action on S4 by the dimensional
reduction. This is partly because the dimensional reduction gives a massless scalar in the
vector multiplet, but there is the mass term for all the scalar fields in the SUSY Yang-Mills
action on S4 by the conformal mapping from R4. To resolve this, we probably need to modify
the ansatz for the Killing spinor although we will not try this in the paper. We can instead
think that the theory has infinite gauge coupling constant, thus the action vanishes. If the
theory with the infinite gauge coupling constant is at a fixed point of the renormalization
group, this may be justified. If it is not at a fixed point, any quantities will diverge.
Now we will consider the hypermultiplets. By explicit computations, we find that the
following one is a SUSY invariant Lagrangian on S4 × S1:
Lhyper = ǫ
IJ(Dmq¯ID
mqJ − q¯Iσ
2qJ)− 2(iψ¯Γ
mDmψ + ψ¯σψ)
−iq¯ID
IJqJ − 4ǫ
IJ ψ¯λIqJ − ǫ
I′J ′F¯I′FJ ′
−2tIJ q¯ID5qJ − 8t
KLtKLǫ
IJ q¯IqJ . (3.7)
Taking the 4D limit, R→ 0, we have the SUSY invariant Lagrangian on S4:
Lhyper
S4
= ǫIJ(Dµq¯ID
µqJ + q¯I(A5)
2qJ − q¯Iσ
2qJ)− 2(iψ¯Γ
µDµψ + ψ¯Γ5A5ψ + ψ¯σψ)
−iq¯ID
′IJqJ − 4ǫ
IJ ψ¯λIqJ − ǫ
I′J ′F¯I′FJ ′
−8tKLtKLǫ
IJ q¯IqJ . (3.8)
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This Lagrangian and the SUSY transformation are different from the ones of [2]. In [2]
the action and the SUSY transformation contain quartic terms of the scalars in the hyper-
multiplets however, in ours they are quadratic. The Lagrangian (3.8) will correspond to
the round sphere limit of the Lagrangian in [22]. The hypermultiplet Lagrangian in [2] is
expected to be related to ours by a field redefinition of D′IJ which generate quartic terms.
A mass term for the hypermultiplets is also introduced by giving a VEV to the vec-
tormultiplets which does not break the SUSY. Here, we can take 〈A5〉 = m, σ = 0 and
〈DIJ〉 = 0 in the Lagrangian (3.7) or (3.8). Then, a collection of the m dependent terms is
the mass term.
4 Localization
In this section, we apply the localization technique to the theory on S4 × S1 following[2].
We take ξI as Grassmann-even spinors such that δξ is a fermionic transformation.
First, we will compute the bilinear of the Killing spinors which will be used for the
localization technique. For
t JI =
1
2l
(σ3)
J
I , (4.1)
the explicit form of the Killing spinor is
ξ1 =
1√
1 + r
2
4l2
(
1 +
xiΓi
2l
Γ5
)
ψ1,
ξ2 =
1√
1 + r
2
4l2
(
1−
xiΓi
2l
Γ5
)
ψ2,
ξ˜1 =
1
2l
Γ5ξ1, ξ˜2 = −
1
2l
Γ5ξ2, (4.2)
where ψ1, ψ2 are constant spinors. Note that we can not impose the SU(2) majorana
condition ξ†I = ǫ
JIξTJC for this. Instead, we can impose a “twisted” SU(2) majorana
condition
ξ†I = ǫ
JIξTJCΓ5, (4.3)
by imposing ψ†I = ǫ
JIψTJCΓ5.
Now we regard ξI as Grassmann even spinors and will compute
s ≡ ǫIJξIξJ ,
vm ≡ ǫIJξIΓ
mξJ ,
wmnIJ ≡ ξIΓ
mnξJ , (4.4)
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which appear in (δξ)
2. We can show that
Dms = 2t
IKwm5 IK ,
Dmvn = 2t
IKξIΓnm5ξK = ǫmnµν5w
µν
IKt
IK ,
Dnwml IJ = = −tIJ (ǫnmlµ5v
µ + s(δ5lgnm − δ5mgnl)) . (4.5)
These implies that ∂5s = ∂5vm = ∂mv5 = 0 and
Dmvn +Dnvm = 0, (4.6)
i.e. vm is a Killing vector of S4 × S1.
There are choices for the constant spinors ψI . In this paper we choose
Γ5ψ2 = −ψ2, Γ
12ψ2 = Γ
34ψ2 = iψ2, (4.7)
because this corresponds to the Killing spinor used in S4 case [2] as we will see later. Other
choices may be different from this and interesting to be studied although we will concentrate
this choice in the paper. We also normalize the ψi as
2ψT1 Cψ2 = −1, (4.8)
for the convenience. Note that this choice is consistent with the twisted SU(2) majorana
condition. Then, we obtain explicitly
s = 2
1
1 + r
2
4l2
ψT1 C(1 + Γ5
xiΓi
2l
)(1−
xiΓi
2l
Γ5)ψ2 = −
1− r
2
4l2
1 + r
2
4l2
= − cos θ
v5 = 1
vµ
∂
∂xµ
= i
1
l
(
x1∂2 − x
2∂1 + x
3∂4 − x
4∂3
)
= i
1
l
(
Y1
∂
∂Y2
− Y2
∂
∂Y1
+ Y3
∂
∂Y4
− Y4
∂
∂Y3
)
. (4.9)
Note that vµ is pure imaginary, but v5 = 1. Of course, we can multiply a phase factor to the
ψI . Then, the majorana condition also has an extra phase and all bilinears of the Killing
spinors are multiplied by a same phase factor. This can make vµ real although we will not
do so.
Let us first concentrate on the vector multiplets. We take the regulator Lagrangian as
δξV where V = tr
[
(δξλ)
†λ
]
. Here we recall
δξλI = −
1
2
ΓmnξIFmn + Γ
mξIDmσ + ξJD
J
I + 2ξ˜Iσ . (4.10)
We define
δξλ
†
I ≡
1
2
ξ†IΓ
mnFmn − ξ
†
IΓ
mDmσ + ξ
†
JD
I
J − 2 ξ
†
KΓ5t
I
Kσ , (4.11)
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where we take ξI as a twisted SU(2) majorana spinor in order for manifest positive defi-
niteness and the condition, δξ
(∫
S4×S1
δξV
)
= 0. Note that path-integral contour should be
σ† = −σ and D†IJ = −D
IJ as in [15].
Now we can show that
δξλ
†
I δξλI |bos =
1
2
FmnF
mn −DmσD
mσ −
1
2
DIJD
IJ + 2tIJt
IJσ2
−
1
4
sǫµνρσFµνFρσ −
1
2
ǫµνρσ(Dρvσ)Fµνσ
= Fµ5F
µ5 +
1 + s
2
(
F− +
σ
1 + s
(dv)−
)2
+
1− s
2
(
F+ −
σ
1− s
(dv)+
)2
−DmσD
mσ −
1
2
DIJD
IJ , (4.12)
where
2(F±)µν ≡ Fµν ±
1
2
ǫµναβF
αβ, (4.13)
and (dv)µν = Dµvν which is an antisymmetric tensor by (4.5). Here we have used
(Dµvν)
2 +
s
2
ǫµναβ(Dµvν)(Dαvβ) = 4 tIJt
IJ(1− s2), (4.14)
and other identities follows from the Fierz identities which are summarized in the Appendix.
The saddle points of (4.12) are
Dmσ = 0, DIJ = 0, Fµ5 = 0, (4.15)
and for s 6= ±1
(Fµν)± ∓
σ
2(1∓ s)
(Dµvν)± = 0. (4.16)
This implies D5Fµν = 0 and
σ d
(
s
1− s2
dv +
1
1− s2
∗ dv
)
= 0, (4.17)
from the Bianchi identity. We can check that this implies
σ = 0, and then Fµν = 0. (4.18)
Only the Wilson line along x5, i.e. the constant part of A5 = a in a gauge choice, remains
as a moduli for s2 6= 1. Note that a is taken in the Cartan subalgebra. The Wilson loop
Pei
∫ 2piR
0
dx5A5 = e2πiRa (4.19)
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is invariant under a→ a+ 1
R
Hi where {Hi} is any basis of the Cartan algebra such that the
inner product with any weight in any representation is an integer. This means that a is an
periodic variable with the above identification. Except this periodicity, the saddle points
for the theory on S4 × S1 are same as the ones for the theory on the S4.
Next, we consider the localization of the hypermultiplets. The SUSY transformation for
the fermion in the hypermultiplets is
δψ = ǫIJΓmξIDmqJ + iǫ
IJξIσqJ + ǫ
I′J ′ ξˇI′FJ ′ − 2t
IJΓ5ξIqJ , (4.20)
For positivity of the action of the hypermultiplets, we have assumed that F is “pure imag-
inary” and q is “real”. With the rotation of the contours for σ,DIJ , FJ ′, we find
(δψ)† = ξICΓ5Γ
mDmqIΩ+ iξICΓ5q
IΩσ − ξˇI′CΓ5F
J ′Ω + 2tIJξICqJΩ. (4.21)
The regulator Lagrangian for the localization will be δVhyper where
Vhyper = (δψ)
†ψ . (4.22)
Then, the bosonic part of the regulator Lagrangian is δVhyper|bos = (δψ)
†δψ which becomes
δVhyper|bos =
1
2
ǫIJDmq¯IDmqJ + w
5mn
IJ Dmq˜
IDnq
J −
1
2
ǫI
′J ′F¯I′FJ ′ −
1
2
ǫIJ q¯Iσ
2qJ
−tIJ tIJǫ
KLq¯KqL + 2iw
5µ
IJ q¯
IσDµq
J − 2vµtIJ q¯IDµqJ − 2ist
IJ q¯IσqJ ,(4.23)
where
w5mnIJ = ξIΓ
5mnξJ . (4.24)
In order to derive the saddle point of this, we note there are following two inequalities:
0 ≤ |ǫIJΓmξIDmqJ |
2 = ξICΓ5Γ
mDmqIΩǫ
IJΓmξIDmqJ
=
1
2
ǫIJDmq¯IDmqJ + w
5mn
IJ Dmq¯
IDnq
J , (4.25)
and 0 ≤ 1
2
ǫIJDmq¯IDmqJ . Using
w5µνIJ Dµq¯
IDνq
J = i
1
2
w5µνIJ q¯
IFµνq
J − 3tIJ q¯
IDνq
Jvµ, (4.26)
which is valid up to a total divergence term, we can show
δVhyper|bos =
1
6
ǫIJDmq¯IDmqJ +
5
3
(
1
2
ǫIJDmq¯IDmqJ + w
5mn
IJ Dmq˜
IDnq
J
)
−
1
2
ǫI
′J ′F¯I′FJ ′
−tIJtIJǫ
KLq¯KqL (4.27)
at the saddle points of the vectormultiplets. Because this is written as a sum of positive
definite terms, we conclude
qI = 0, F I = 0, (4.28)
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for the hypermultiplets at the saddle points. Thus, both of the saddle points of vectormul-
tiplets and hypermultiplets essentially coincide with the one for S4 [2] [22].
In order to compute the 1-loop determinant for the regulator Lagrangian, we need to
first fix the gauge. This can be done following [2]. However, our SUSY transformation for
S4 × S1 is closer to the one in [22]. Thus, it is more convenient to closely follow [22]. As in
[22], we introduce the BRST transformation QB for the field in the vectormultiplets as the
usual one with ghost field c and define QBc = icc+ a0 where a0 is constant. We also define
Qc = iΦ ≡ i(−sσ + vmAm), (4.29)
where Q = δξ. We need to introduce other ghosts and their transformation rules:
QBa0 = Qa0 = 0, QB c¯ = B, Qc¯ = 0, QBB = i[a0, c¯], QB = iv
m∂mc¯,
QB a¯0 = c¯0, Qa¯0 = 0, QB c¯0 = i[a0, a¯0], Qc¯0 = 0,
QBB0 = c0, QB0 = 0, QBc0 = i[a0, B0], Qc0 = 0. (4.30)
For the gauge fixing, we introduce Qˆ = Q +QB and take the regulator Lagrangian as
Qˆ(V + VGF ), (4.31)
where
VGF = tr(c¯G+ c¯B0 + ca¯0),
G = iDmA
m + iLv(Φ− A5) = iDµA
µ + iLv′(Φ− A5) + i∂5Φ, (4.32)
and v′ is the vector on S4 which is obtained from v by the projection. This gauge fixing
function is taken to be slightly different from the one used in [22], in order to fix the gauge
symmetry related to x5 direction. The saddle points of the vectormultiplets are unchanged
and other bosonic field vanish at saddle points except a0 = A5 which is from Qˆc = 0.
We introduce
Ψ = Qσ = iξIλ
I , Ψµ = QAµ = iξIΓµλ
I , ΞIJ = ξIΓ5λJ + ξJΓ5λI , (4.33)
which means
λI = −iΓ5ξIΨ− iΓ
µ5ξIΨµ + ξ
JΞIJ . (4.34)
Then, the fields are classified by boson-fermion and Qˆ-doublet:
X = (σ,Aµ, a¯0, B0), Ξ = (ΞIJ , c¯, c)
QˆX = (Ψ,Ψµ +Dµc, c¯0, c0),
QˆΞ = (−wIJρσǫ
µνρσFµν + 2w
5µ
IJDµσ −DIJ − 2stIJσ,B, a0 − Φ) (4.35)
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where we have neglected higher order terms except ones including moduli a0 and A5. In
terms of these, we can rewrite V + VGF and then we define Dab by
V + VGF = (QˆX,Ξ)
(
D00 D01
D10 D11
)(
X
QˆΞ
)
. (4.36)
From this equation, we find
ΞD10X + ΞD11QˆΞ =
(
1
2
wIJρσǫ
µνρσFµν − w
5µ
IJDµσ +
1
2
DIJ + tIJσ
)
ΞIJ
+
i
4
(
−vνF
νµ + v5F 5µ − sDµσ + 2w5µIJt
IJσ
)
Dµc + c¯G+ c¯B0 + ca¯0, (4.37)
This D10 is different from the one for the round S
4 in [22] only by the terms ∂5Aµ. Then,
the principal symbol of D10 is modified. However, if we Fourier-expand S
1-direction and
think that the theory is on S4 with the Kaluza-Klein towers, we can see that the principal
symbol of D10 is same as the one for S
4 because ∂5 is regarded as a constant, not a differ-
ential. Therefore we can apply the index theorem for the transversally elliptic operator to
each Kaluza-Klein (KK) momentum. The Q2 = (δξ)
2 is modified by replacing −i[a0, ∗] to
D5(∗) = ∂5(∗)− i[a0, ∗] except for Bo, a¯0 which have zero mode only. Therefore, the 1-loop
determinant is just given by the product of the one for the vectormultiplets on S4 for the
KK tower with replacement of a0 ·α to
n
R
where α is the root of the gauge group and the n
is the integer KK momentum.
For the hypermultiplets, the auxiliary fields can be integrated out trivially. The D10 is
modified only by adding term like D0q which is not a leading term in the symbol. Thus,
for the hypermultiplets the 1-loop determinant is obtained from the one for the theory on
S4 as for the vectormultiplet.
Finally, the instanton contribution at s = 1, i.e. at the north pole of S4, is expected
to be the Nekrasov’s partition function Zinst(a0, ǫ1 =
1
l
, ǫ2 = −
1
l
, q = 1, β = R) for 5D
space [1] because the saddle point equations imply that the instantons are localized at the
north pole, thus we have the quantum mechanics on the instanton moduli space. There
are contributions of the anti-instantons at the south pole s = −1. We will denote the
product of these as |Zinst|
2. Note that in the 4D limit, i.e. R→ 0, |Zinst|
2 is reduced to the
corresponding term in the one in [2] up to an R dependent factor.
Therefore, by rescaling a0 → a0/l our final expression for the partition function on
S4 × S1 obtained from [2] [22] is
ZS4×S1 =
∫
da0|Zinst|
2
∏
k∈Z
∏
α∈∆+
Υ
(
ia0 · α + i
l
R
k
)
Υ
(
−ia0 · α− i
l
R
k
)
∏
ρ∈RΥ
(
ia0 · ρ+
Q
2
+ i l
R
k
) (4.38)
where R is the representation of the hypermultiplets under the gauge group, ρ is a weight
of R and Q = b + 1
b
with b = 1. Here, according to [22], we used the function Υ(x) =∏
n1,n2≥0
(n1 + n2 + x) (n1 + n2 + 2− x) to express the regularized infinite product.
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The integration variables a0 is periodic, i.e. a0 ∼ a0 +
l
R
Hi, and the integrand of (4.38)
is indeed periodic under this. Taking R → 0 limit with the non-vanishing classical action
which gives non-trivial q dependence, (4.38) reduces to the partition function for the theory
on S4 [2] [22] times a numerical factor. We have introduced the mass term which affects
the SUSY transformation by 〈A5〉. This also enters the expression of the partition function
with some shift of the mass [26].
5 Conclusion
In this paper we have constructed supersymmetric gauge theory on S4×S1. We have found
there is no analogue of the usual Yang-Mills action except in the 4D limit. It should be
noted that We have applied the localization technique to the partition function of the theory
on S4 × S1 following [2] [22] and find the result is a simple extension of the corresponding
partition function on S4 with the contributions from Kaluza-Klein modes.
To extend our work to the ellipsoid [22] will be straightforward. This will give the
result with b 6= 1. In this paper, we only computed the partition function. Of course, it is
interesting to compute the Wilson loop, the ’t Hooft loop [27] and other operators. (The
Wilson loop operators in the maximally SUSY Yang-Mills theory was considered in [28])
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A Formula for bilinears of Killing spinors
We can show some relations between the bilinears of Killing spinors [15]. Here we present
them in the form valid for any 5d space. First,
ΓmξI · v
m = sξI , (A.1)
which implies
vmv
m = s2. (A.2)
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Others including wmnIJ are
0 = −wmnIJ w
mn
KL + s
2 (ǫIJǫKL + 2ǫILǫJK) , (A.3)
0 = 2s (ǫIJǫKL + 2ǫILǫJK) v
p + 2vm (ǫIJw
pm
KL − ǫKLw
pm
IJ)
+ǫpmnqrwmnIJwqrKL , (A.4)
0 = s (8ǫJKw
pq
LI − 2ǫJIw
pq
LK − 2ǫLKw
pq
JI)
+ǫJIvmǫ
pqmrswrsLK + ǫLKvmǫ
pqmrswrsJI
−4 (wqnJIw
p
nLK − w
pn
JIw
q
nLK) . (A.5)
These implies
0 = vmw
pm
KL , (A.6)
0 = 2swpq IJ + vmǫ
pqrsmwrsIJ , (A.7)
0 = wmnKIw
I
mnJ + 3s
2ǫJK , (A.8)
0 = 6ǫJKsv
p − ǫpmnqrwmnIJw
I
qrK , (A.9)
0 = −2swqpJK + ǫ
IL (wqnIJw
p
nLK + w
qn
IKw
p
nLJ) , (A.10)
ǫJL(wpm IJw
q
mKL + w
qm
IJw
p
mKL) =
3
2
ǫIK(s
2gpq − vpvq) , (A.11)
ǫKLwpmIKw
q
mJL = sw
pq
IJ +
3
4
(
s2gpq − vpvq
)
ǫIJ . (A.12)
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